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SUMMARY

In this pôper, a newty developed rhree'Poinr âpproximation $hemc È proposed Th. expression of rhis ichême

consisli ora ti.ear combinarion of the direct atd rccip'ocal linear Tavlor expansions as well as ofthe lunPed

diâgonal tems of lhe sccond-order direct and inve6e lems Thc unkôowt Pâlameters of thc cxpressron are

co;purcd on rhe hles o' lhe tuncnon and grÀdEnt vâlues al ûree points 
'n 

lhc design sFcc Based on tbu

aporoach. rhc u.cu'a,r o hc er:lrit8 conir'aint apprc'rmrrro I mcùod' .d bc rmp'uved the cffec I'cne*

oi the orooor,l doDro.ch F.lemonçûa,(l on a nunbfl or nùmcrrâl e\àmpl.' Thc numenc"l 
'e\uxç 'rÊ

"rso 
compi*a *ni',r'oc. ofthe !rcliouJt publFhcd work CoPlrighl g 2001 John Wilcv & SÔns. Lrd

KllY woRos: mùlti'poinl ùpprcxim.liôns; oPlimizâÙoni dcsrgn

I, INTRODUCTION

In order to reduce lh€ compulalionâl effons and !o enhance the efficiency of ùe oplimizalion

process, th€ use of explicir dlbcit âpprcximate expressioû for the constminl and objectivc fuÛctions

in terms of design varaables is a conmon technique in ânv structurâl optimization scheme 1r

hâs b€cn widely known Ùrat more accu.âtc function âpproximations can reduce the anâlvsis cost

greatly. Therefore, sinc€ the introduction of approximâtion concepts bv Schmil ct lll [l] in the

mid't9?0s, the devclopmenl ofhish-quality and reliâble €onstBint âpproximâtion scheme bas heen

lhc subject of many res€arch âclivities. A lot ol attempts have been made to approxrmâte the

constrainl ând objeclivc functions in mujtidisciplinâry oprimizarion problens ùhich are usuâllv

complriâlionally €xpensive to €v.luate with l€ss computational efons and bigh accuracy- As poinred

out by Bflthelemy and HÂfika [2], lh€re are three categories of approximaùons a€cording ro

their range of applicability in tbe dosign spâc€ They are nâmed as,locrl' global and nidrang?

antu x iDlat ion. rcspecri! ely.
The lo.:a! aptioxinstiot is construcled by using the local info.mation of function lalÙes and

their sensitiviti€s ar single d€sign poinl- This approximation is onlv valid at the vicinitv of the

€xpânding point. The simpltst approach of this rype is û€ linear approximation based on the
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Taylor series. Another often used approach of this tr?e is the reciprocal approximalion. It rs rn
nature lhe laylor series expansion in terms of reciprocâl vâriâbles. Stamer and ilaftkâ [3] have
also shown thal a hybrid coDstraints mixing the direct variables and reciprocal variâbles can yield
a more conservâtive approximalion, which hâs lhc âdvantage oi giving convex sub,probl€m.

the llobal apptuxination, on the other bând, tri€s to construct âpproximate funcrions, usually
polynomiBls, for whole areâ of the d€sign pârâineters. Clobal approximation âpproâches are often
uscd to modify the formulâlion of the onsinal dêsign problems, in mosl cas€ of which the explicir
formulâlion is not known, and to generate an altemative fomulation thal is more trâclâbl€. Tte
most common global approximation method js the /esponsë suduce approa.h, in which the function
is sampled at a numb€r of design points, and rhen an analyicâl expression câll€d the response
surface polynomial is litled lo thc sample dâtâ. Corstndion ofresponse surfâce off€n relies heâvily
on lhe theory of design-of-experiment. Thc lin€ar or non-linear regression lechDique ir used to fil
lhe surfâce, and the fitted response surface is employed to search an opiimum design. The probl€m
associated wilh globâl approximation is lhat il requires many responsc ânalyses like finite el€menr
nethod ât many design poinls in Ihe design spâce fo. obraining the approximate function which
is valid for wholc âr€a of the design panmeters. Therefore, lbc global approximation has bcen
believed usable only for design probl€ms wilh a lèw desigr pârâmeters, ônly when the sensitivity
information is not availabl€ o. costiy.

MA-ro ge approrinttion is an âhempt lo endow local tunclion approximation with a wtder
rângÊ of âpplicâbility. The use of intormation at several points can achievc this purlose A two-
point approximation was proposed by Fèdcl ,1 ul. tal lo enhance the quality of approxinâtion.
Wang aod Crandhi 15 7l generalizcd ihe work of Fadel and proposed a series of new m lii-point
âpproxination approaches by using lwo or more points information of optimizâtion iterâtions. In
their work, inlervening vadables hâve been used ro control the nonliûearity oflhe approximations
Good rcsults have bcen repoded by cnployiûg this rpproach io solve the slze and configurâtion
optimizalion problems. Sâlajegheh l8l developed â thrce-poinl approximation scheme based on thc
funcrion and grâdie't informalion ât three ditrcrenl design poinis. Hc also applied this ûrerhod 1I)
optimize the plale sfuctures subject€d to slr€ss and Êequency constrainls and obtâined salisfâclory
rcsuhs. Sui [9] has also proposed â two-point âpproximalion approâch by employing the informâ-
rion obtained ai two design points. The slatc ân of mùlti-point âpproximâtiÔn has been reviewed
irlensively by Wang and Grandhi [51.

In the present study, a newly developed thee-point approximation scheme (TPA) is proposed.
The expression of ltis scheme consisls of â lineâr combination of the direct and r€ciprocat Lnear
Taylor expânsions âs well as of the lumped diagonal tems of th€ second-order dired and inverse
lerms. The unknown paramele$ of the expression are compuled on lbe basis of the tunctior ând
grÂdient values ar rhree points in th€ design spâce. Based on this approach, the accuracy of the
€xisliûg constrâint âpproximalion melhods can be improved. Thc efectiveness of the proposed
âpproâch is demonstraied on a numb€r of numerical examples. The num€rical resuhs a.e also
compared with those of the previously publishcd s'orks.

2. REVIEW OF MULTI.POINT APPROXIMATIONS

ln this section, a briefreview ol the earlier developments ofmulti'point approxjmâtion is prrsenred
to undersrand wetl  t le previously proposed metho'1. lnrhefol lowing,X=(rr . \ , . . t . ) r i idef ined
asavectorofdesignvâriâbl€s.Xr:( :r j . . r : , . . ,4)rr€lèrstothei lhdalâpoint inthedesignspacc.
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2. 1. Ttro-point approximation apprcaû

2.1.1. Ttro-point exponential apprcximation appl(,a.r. This approxinâtion scheme has b€eû in-
troduced by Fad€l er a/. [4]. ft is a linear Taylor âpproximation in terms of the following inler-

yt=r! ' ,  i=t ,2, . . ,n ( l )

where the exporent pi for ea€h design variâblc is delermined by rnâtching the denvâtives of lhe
âpproximale function with those of tbe exacl function al previous data Point.

2.1.2. Tvo-point adaptiw nonJinear approximation approach'TÀNA This appmach hâs been
proposed by Wâng and Grandhi [6]. Irr thrs approach, the nonlineâr index of each design vânâble
was chosen âs the same value ând calculated numerically by rnatching the approximâte and €xacl
function values ât two differena poinls.

2.1.3. TÀNÀ-l md TANÀ-2 apt roxindtion apprcs(h. To uiilize more information in construci-
ing ê bener âpproxinalion, Wang ând Grandhi [5] have proposed two kinds of improved rwo'poinl
approximation schemes by employing both fùnction and derivative vâlues of iwo points. In TANA-
I approâch. lhe approximdted funclron is erfan,led al one pornt Xr as

r. , rxr l r r r l r  /  ,  "/ , tx l  / (Xr j_)-  
,1.- , . ' , ,  r . ,  ( t . , ) ,  , ,  (2)'  :  , \ ,  p

where € is a constanr, representing thc rcsidue of the first-order Taylor approximâiion iû terms of
the inlervening vâriables ], = r,r'. To evâluât€ ?i and r:, the approxitlâlc funciion value and its
derivatives are ftâlched with lhose ofthe exaci funclion at anolher poini Xr.

In TANA-2 approacb, the âpproximate funcliot is obtained by expânding the tunclion â1 lhe

point X'?and replacing the constanr term tr in TANÀ I by the tefm rrtl ,t"' (.ri)']'r,
which tâkes tbe efect of s€€ond order lerrns of Taylor expânsion inlo consideration. Il can be

/ ' ( r '  / rx) ,+t  "^ ""  
- , . '  

( ,1,"1.r j I  [ r :  r \ i r r  '2 rr l

lû rhis âpproâch, the values of p, and Q hâve be€n evalualed by malching the derivatives and ùe
function vatues with those of the exacl funclion al previous point Xr.

Ir hâs b€en reponed ùal good resuhs can be obtained by emphying these methods for constmint
approximations. They cân provide better accurâcy lhan lineâr ând reciprocal methods for highly
nonlirear probl€ms. But it should be noled lhat since the equalions for the determination of ihe
€xponcnt /r, are non-linear. numcricâl iterêtiv€ search process is r€quired for the evaluâiion of

2. 1 .4. Sui s bro-point sryk'rinat ion approach 19 l. In this approach, lhc approrimal€ functron ls

I* 6) = 
'+ t lt,\ + Dl,lx,

Coprright C 20Ol John Wilcy & Sons, Lld lnt. J. Nuntt Melh. Ensnlr 2U)1. g:AC)9-844
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The 2n + I unknown parameten !r,f, and ./ âre compùred by matching lhe âpproximaæ
tirnclior vâlue and exact fùnction value ât one matcbing poinr, and the derivarives of rhc ap-
proxirnate funcrion and exâcl Ânction ai both of the expanding and marchirg poini. cood re_
sults are reponcd by employing this approach for the solulions of structural optimizahon

2.2 Three-point a tuximatian apprc..h

Rec€ntly, Saiâjegheh t8l has proposed â rhree-poinr appmxirnarion approâch ro achi€ve a higher
quâlity approximation. This âpproach cân be descnbed as foltows. Let X', X, and X3 be rbree
conseculive pojnls in the design space. By choosing the intermediâte variables as r,,:r1,, and
expanding the function at the middl€ poinr X, in terms of _y,, rhe approximate tunction ian be

/ ' rxr  / { r 'J-  i  
"  , l  . :n i , . , .  , , , , , ' t . .

1o evâluâte the unknown paramelers 2,, c, ând Ê, 2, + I equâtjons jn totâl are reourred
Here, 2n equalions are obtâined by ditrerentiâtrns / 1 I X ) a nd ma r. hrng r he deri vari! es N I rh thosù
of the exâct tunclion at points X ând Xr. Anolher equation js obtajred by matchins rhe ex
âct and approximate firnclion values ar one of the point Xr or X3. Ir has been rcpôrred by
the author thât elficienl optimum design of plalc structures with srress, displacement and fre_
quency conslraints can be achieved by emploling rhis approach. Jusr like rhar of TANA,2. tou_
cver. the main drâwback of this approach is that a set of coupled nonlinear equâiions need
to be solved fo. the evaluation of lhe values of /,,. whrch !q usua y hrgh rn compurahonar
cost tbr most of the practical design optimization probl€ms. When the numbers of rhe dcsrËn
vanables and active consrraints are large. the delenninations of rhe values of p, may even
tâ&e much more floating operâtions than ihar of FEM anatysis. Moreover, because of lhe non-
linear chârâcteristics of the equalions, we encounter the difliculty thal rhe vâlues of p, cannor
always be available for ârbitrâry function ând gradrent ratues of the c\pandrng ând marching

2 3. Multi-point apprc\inatior approach

Wang and Gûûdhi [7] proposed an âpproximarion approa€h bâsed on the rnutriple tunûion and
gndient information by using H€mite inr€rpolation concepls. This approxinâtion possesses the
property of reprodlrcing tùe liinclion ând gradienl informalior of known darâ rloints. Bur ir hâs
bcen rcpo.ted thal lhis approâch is nol âs stâb1c âs TANA I and TANA 2 approach when used
tbr th€ solulions of structuml oplirnizâtion problems.

]. NEW THRTE-POINÏ APPROXIMAT]ON SCHEME

In this pâper, a new three-poinr âpp.oximation âpproach (TpA) is proposed. tt is bâsed on rh€
ljnear cômbinâtion of Taylor expansioDs in terms of both direcr and reciDro€al variâbles L€r
Xr, Xo and X? be lhrce consecutiv€ points. The approrimare funcrion iç aisume<l as Èkrng the

copJhgbr E 2001 Jobn Wil.y & Sons. Lrd Iht J NMer M.l1 E arr 200l;50:869 834
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(6)

/ ' rx) :  t (x '  )+ i  {g ' l
=u,

+.,(,i-,r)+., (i,ri,) (,ï '!) 
: #,- ,

+., ('r rf)+o (,+) (i -;!) = #,-', (e)

/ - (x ' ) : , r (x ' ) r i ( , ]d,+b:F,)+q*t  + "gt  
= f (x '1

l-tx'l= rtx'l + É ("?', + b?f,) + c\,'1 + c,01 : f(x'\ (r r)

Copyri€hr @ 2001 John Wiley & Sons. Lrd Iht J. N@ M.tl1. Engng 2In\', g:a6r-a84

[ ' ' '  ' : ' -o ' ( ' l  ; ) ]

. j . ir,, ,rr. j"É(i j)
From Equalion (6) ir câr be clearly seen thât this approximâtion scheme is just a linear €om-
bination of firs!ôrder Taylor expansions in terms oi bolh direct and .eciprocal variables ând
is also taken the second,order effed into considcrarion by âssumiûg rhe Hessian matrix has
only diagonal €lements of tbe same value (.r lor direcl variables, ând c: ior reciprocsl
variables).

Denoling the current desigr point as Xo and tbe othcr two design points as Xr and X?, respec-
tively, rhe matching condidons for rhe evaluation of tle ùknown param€ters ai, h ç: |,2,... ,k).
and.r, ., can be written as follovrs:

v/-(x)lx=x, = v/(x)lx=x'. v/-(x)lx=x. .. v/(x) x=x.. /*(x'):/(x'). /-(x?)-/(x'?)
(7J

where /(x) lx-x,  ând V/(x) x=x, =(ô//arr . . . . ,e/ i ; " , )r  x=x, reprcsenr th€ exacr value ofrhe
constraint function ând its dcrivative al data pojnr X,, resp€ctively.

Since Equation (1) gives 2n +2 linear alg€bra equations, then rhe 2r + 2 unlnowns xi,É,
and .r, cr can be evaluated by solving this sysrem of linear algôbrâ equations. ln the follow,ng
derivalion, we assuûe that th€ function ând gradienr informarion hâve âlr€âdy been obrained ar
lhe point of Xo, Xr and X:.

F.om marhing condnions, we have

(8)ffr-",[",'n(iij]

#o, [",,^ (#l]
(  l0)
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( t2)

(13)

Let

' ' : (* ' )  ( i '+) ' ' :  (*)  ( ; ' ! )
, :( ;)  ( ; i l  , ,=($r*, { tx,t) l r ,

.u':É {r, L'i - t,ir'tll +('l-'l) tlu;)'+ ij-rx'r {'l ':)}, ;,:r'z

. , : " '*É { : , i  r ' ' l f r" t l  ç? xl) t r ,*( , i  r i )  G: r l ) ' : i r+r;  , iy,} ,1=r, :
(  l7)

'  a ' i  {  '9-r . i r "  k.  " l t  r  '^ ,  , f1 rej  erv1,"r1r: : ,  
' . ' .  '1 . } . ,=r . :

=r '
(18)

By solvins the equât iors in (8)-( l l ) ,  we can obtain rhal

" =;Ëcr-4y' . ' : iÉrr 'rr '

' : lË( i  , i l  " :  jË(+-f)

solulion of unknowD coemcients.

CopynAht O 2001 Jonn Wil.y & Sons, LId.

(  l4)

(  t5)

(  t6)

( r9)

(20)

lnt. J Nun r Meth. Èrr,lr 2001, 50:369 3M

Orce after the values of.r ând ., âre oblained, the values of r,,r, cân be computed by insening
the values o1.1 and cr inlo Equations (8) and (9). Up to now, all th€ values or thc ùnknown
coemcients have been determined by employing lhe malching condilions.

It should be noted îbàt for the new âpproach proposed here, âll of the unloown coefficients
cân be identified in a closed foûn, no num€rical scârch process is required unlike in TANA-I,
TANA-2 and SalajeSheh s merhod. Therefofe, much computalional eflons can be reduced for the
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ln rhrs iecrion, severâl numerical exâmples ârc selccted to demonslrate the e{Iectiveness ând the
tr.cuncy of the proposed approximation scheme, ând the results arc also compared with thos€
obained by other me(hods such as TANA-I,lincar and recipro{al approxiûation approaclr. This
secrion includes s...o parts. The 6rsl part is for sinpl€ problems with closed-fonî solutions, whereas
the second paft presents applications to structurâl optimization.

1.1. Appliîation to polrnoùial qprùiination

In âll ôf the examllcs. the lesl points âre gererâted using

DESN;N OPIIMLZÀTION IROBLEMS

4. NUMERICAL EXAMPLÊS

Absolute effor=Exâct 
^pproximation

E\amptu I thls example is taken frorn Relèrence [s]. The function

875

x=xo+lD (21)

qhere Xu is an expanding poin!. r is a step length ând D is a vector repr€senling the sêârch
direction. w€ use rh€ relative erro. percenrâge and lhe absolûe erlor in evâluating lbe âccuracy.
For ali of the te$ examples, the relative enor index is defined âs

An^ro\ imdt ion -  F\act  .^^
Rcl : , , !vc cFor rurccnlase 

* -  
; ; "1 

-  - ' '  .  100 nc,  ccnr , l l r

and rhe âbsolute eror iûdex is dcfined as

(23)

to be approximared is

.  l0 ln 15 2 25 108 40 .17 -
. / ( r ) !  |  , I  l -  ,  L 

'  ,  I  lu
r -  t  l '  r ;

(24)

Copyri8nr O 2O0l lohn Wiley & Sons, Lrd Inr J NuDt{ llltth lrg,, 2ml: 50:1t69 334

This example hÂs be€n examined by ernployins thc lincâr, rcciprocâ|, TANA-1, ând the proposed
TPAschemew;rhrheseledionsolDasDr:( l . l , l , l ) r ,  Dr:(0,1.0,1)r ,  Dr:(1.  I , l ,  I ) r
and D4:(1,0.1.0)r. respectively. For this €iample, the expânding poinls lor atl methods arc
selecred âs X0:(1.2,1.2,1.2,1.2)r .  IhematchinspoinrtorTANAl isselectedasXr-(1.0,1.0.
1.0, t.o)r as has been dore in Reference t5l. According ro R€ièrence t5l, the exponents ?, ror
rr,.rr.rr and-ri arc -2.7625. -15. -2.825 and 2.4785, respectively. and thc residual conslan.
c is 0.0862. Xr rs also used as one of tle matching points for TPÀ. Another mâtchiûg pornrs
required for TPA are selecred as X' ] : (0.8,0.8.0.8,0.8)r for D, and X']-(1.3,1.3,1.1,1.3) '  ror
Dr, Dr ùd Da. rcspcctively.

The relative errors oflarious methods are plotled in Figures l(a)-l(d) for the four rest cases.
These ligures show that for lhii example. TANA-I approach has the b€st accumcy among all
meùods compared. This is due lo thc fâct thât thc funcrion to be approximâtcd in this example
is almosi separâble and the form of whjcb is âlmos! thc same as that of the assumcd funcûon
in TANA-i. The proposed TPA scheme also behaves well for this problem (wirh ibe maximum
rclâtive enor less than ll p€r c€nl in case l,5 per cenl in case 2, ?.17 per €ent in case I and
7.9 per cenr in case 4). and has âlmost lbe same accurâcy âs thâr ofTANA-l for âll lesl pornrs.
The âccurâcy of TPA is much bener than thar of linear and reciprocâl approximations especially
whcn thc valuc of stcp length is large.
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l .  Example I :  (â)  cÀse l r  (b)  c.se 2i  (c)  case 3;  (d)  ca* 4

Examplc 2. This example is also taken from Referenc€ [5]. The tuncdon to be approximated
is defined as

/(i!)=l80rr.1 20x7 - 1.1" + O.24xa -5x!r, +3turrr + 8.fur-q - 3irr-!a 0.t-rï

+ 0.001.4rr + esrr4 sr.r4:rrz +.'i 6.2.r;+ 0.4&!l +2d - 1.0

This example hâs been examined by employing lhe linear, reciprocal, TANA-I, and the proposed
TPA scheme, respect ively,  with lhe sel€ct ions of D âs Dr=(1,0,1,0)r,  Dr=(0,1,0,1)r ând
Dr:(I, l,l, l)r, resp€ctively. For this examplc, the expanding poinis for all meihods are
selected as X0 = (0.8, 0.8, 0.8, 0.8 )r. The rnâtching point for TANA- I js s€lected as X' : ( L0. L0.
1.0,t.0)t as hâs b€€n done in Reference I5l. Under this circumsQtce, lhe exponenr indices ?,
for TANA-I ar€ 1.6, 2.5255,3.2315 and 2.962s fot \,'1,'\ and ra I5l. Th€ residual constant
for lANA-l  is . : -0.1183. The matching points of TPA fol  Dr arc xr=(1.2,1-2,1-2,1.2)r
and X'? : (0.5,0.5,0.5,0.5)r, respectively- The natching points of TPA for D, and Dr are X' :
(1.0, 1.0, 1.0, 1.0)r and X'] -(0.7,0.?,0.?,0.7)r, tesp€ctveiy.

The relâtive êrrors of vârious methods with diferent choices ofthe direction vector D âre plotted
in Figur€s 2(a) 2(d), respectively. For this highly noû-Linear exâmple, all figures show that the
pres€nt TPA app'oach has higher âccurâcy in conpârisoû wiih other methods and improves the

CoDynsht e )001 lohn Wi rj & Sôn\, Lrd In1. J NMet Meth. fns,a 2001i 50 86+884
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Fisùre 2. Exâmple l r  (â) câse I  (  |  ) i  (b) casc 2: (c) casc l r  (d) case I  (2).

perfonnance of linear and rcciprocâl approximations substanlially. For the fust lwo tesl cases!
TANA I behales u'el l  when 0<r<05. bur when r>o.J, rhc relat ive eror becomes large. Wben
r= 10. TANA-I hrs the màximum eûor l l .8 l  per cenl lbr Dr.  and 2.1.54 pcr cent for Dr,
respecnvely On the olher hând, the prescni tPA scheme performs well even when the lest pornt
is far frôm thc expanding poin1. When a= t.0, its relative cFor is only 4.25 per cent for Dr,
and .1.88 per cent for D2. respectively. This can be attributed ro (he fâct that TPA hâs urilized
rnore informâtion of the o.iginal function thân the two-point approximation sch€mes. Thus. the
msr region of th. âpproximâtion function is exlerded. For case 3 of this problem. the resulls
shoq rhar TPA also belaves weli when the desiSn variables are charged along altemative opposrÈ
directron s. The ma\imum relative error of TPA is only 7.8 I pcr cenl when - 0.5 < x < 0.5, whereas
rhe TANA-1. lineâr ànd rcciprocal âpproximation approach have th€ msximum enor of28.8. I I0
and 15.31 p€r cenl, respectively.

Figùrc 2(d) shows the relâtive enors of dilT€rent methods for Dr when ? only tâk€s the posrlrve
value. For this cas€, the mâtching points tor TPA ar€ selecled âs Xr=(1.0,1.0,1.0,1.0)r and
Xl : ( 1.4. 1.4. L4, L4)r, resp€€tirely. the €xpanding and malching poinrs for TANA-I ar€ tbe
sùne as thos€ i0 the above two cases.

FiCUre 2(d) indicâtes lhat if th€ matching points of TPA are selected in the test direcrion, urc
pcrforman€e will be improved more. For this câse, the relative error of TPA is only 3.07 per cent
wher != l-2, wbereas the TANA-I, linear ând reciprocâl approximation approach have rhe error
of -23.86, 8.29 and -26.55 per cent. respectively, when 4 = 1.2.
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Figùrc: l  Erample l :  (a)  case l i  (b)  cas. : :  (c)  case 3.

Cùpyrighl O 2l)(ll loho Wiley & Sons. Lrd Ikt J Nùr.t Meth tnrna ?0olr 50:869 lllr4

E.\amplc 3 thts example which is âlso taken lionr Retèrence [5] is highly complex ând non
linear. The funciion to be approximated is dcfincd as

t(r) :  l0r, . r t r : r i i ; \9 ' r5 + tsr;  ' ' ;  
: r1,ro' ,  rr to5 + z0xirr :r+ rr i?r6 + 2t i t r t rr !5r;1,

(26)

This exâmple has been exâmined by employing the linear. reciprocal, TANA-I, ând the propos€d
TPÀ scheme with lhe selections of D as D, = ( I . t , I . I . I . I . I )r. Dr : ( | , I , - 1 , : , I . I . I )r and
Dr: (  1,0.1,0,1,0,I  )r .  respec. ively.

For this example, the expanding poinl  for a1l  melhods is selected as Xo = (  | - I ,  | . I ,  | . I ,  | .  | ,  LI ,
Ll, l.l )r, th€ mâlching poinc for TANA l etl TPA âre selecled as Xr : (1.0, 1 0. 1 0, 1.0. 1.0.
I.0, 1.0)r. Asolher marching point for TPÀ is selected as X'? : {0.8,0.8.0 8.0.8,0 8,0 8.0.8)r. Un'
der this cifcumstâncc, the €xponent indices ?r for seven vâriâbles for TANÀ-I ar€ 4.5,4.4.4.5.0l.
0.318, 3.5.2.488 ând 3.813 from R€f€rence [5]- The renalning conslant for TANA-l rs
r:  -0.0862.

The relalive errors of various melhods with diff€rent choices of the dûcclion vecror D are
ploued in Figures 3(â) 3(c), respectively. witb r€îerence lo thes€ figurcs, it is clear that for
rhis highly nonlineâr exânple, T?A behaves betler than other approximation methods cspeciâllr_
when the design variâbles ârê €hanged along the same direction. As shown in Figurc l(a).
fo.  Dr :( l , l , l . l , l . l . l ) r ,  th€ relat ive enor of TPA is only 4.86 per cent when z=1.5, and
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hgùrc 4 IhÈÈ bar truss.

Coptnghr C 2001 lohn Wrlcy & S.ns, Ltd lùt J ùun"a ,\h1l' tnrn, 2001i 50:369 38.1
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F'gure 5. EMfrtle 4

- l0.,ll pcr cenl when r: 0.8, whereas TANA'I. linear and rcciprocâl approxch hâvc lhe enor
of ll0.52. 77.38 and 76.41 per cent. rcspectively, when 1 L5, and hale the enor oJ 29.37,

91.47 ând 92.86 pcr cenl, resp€crively. when x: 0.8. Ihe numcrical resuhs obtrincd herc
indicale that the proposed approximâtion schcme TP^ has lhe abilrly of ryproximaling ihe highly
non-ljnear furction wirh relativcly highcr accuracy thnn lhe othcr approximatrot app.oaches. For
.rse 3 of  thrs problcm. thc maximum rclar i le erfor of  lPA approach is 25 pcr lcnt  rvhcn

0 5 < x < 0 5. whereas the TANA'1. linear ind rcciprocâl apprcrirnrtion approach hâle the max'
imum crror of  45.61. 70.19 and -12 5l  per cent,  respect ively.

Irisure l(b) shows thàt. whcn thc design variables are chânged ôlon8 allern|rive opposirc dircL
lion. TPA also has the besl accùracy among all of thc cornparcd approximation approaches ând
rrnproves the accuracy of linear and recrprocal âpproxinrâtion subslanlidlly.

12. .4tpliktlbn b s!tu.tufti ot!it11i:ution

In rhis tart, thc âpplicârion of thc proposcd three poinl approximarion approach will be demon-
srared by atplying ii to rhe solutions of structural optimization problcms. Two kinds ol tnrss
structural sizing optimlTalion problems have b€en chosen for th€ demonslration of the effeclrve'
ness of the presenr mcrhod. Thc constrâinls inclùdc slrcsscs rnd displâcements. The strcss con
strâinls are replÂced by the equivalent intemal tbrce conslraints in the inrplenrcntalion of the
compurcr program. The MOPB optimi.uti.ù' kbls lihror) lt0) wâs uscd ro solvc rhe resuhing
âpproxinâle but expljirjl r)onlinear optimizalion problems. For the firsr three-ireralions of struc-
tural oplimization. a single-point approximation âpproâch (Likrû ar rui'nLdl approa(* ) is used
Then, the process of three-point âpprox'mâljon is used lor lhe subsequcnl lrcmrions. ll is 1o bc
noted lhat rn rhe p.ocess of using the tlree poinl approximalion approach. rhe i.lbrmaljon ol the
three points is âvailable liom lhc prcvious ilcrâlions ànd it is nol nccessary to carry our exlra

E\unU,le .1 (Thrc. bur tru:s strutwe). The t}lJee-bar truss exâmple shown in Figure :1 is takcn
from Rcfcrcnce [7]. This example has also been used by Wang and Grandhi ( 1996) to illustrate the
enècfivencss of rhe nulti-point Hermtte int?rpolltion apploarl The truss is designed lor cross-
seclional rrcas,,l!..1, ând.4c(=,4r) under srress and displacemcnt constrâints. Thc âpproximaûùn
of memb,-r C s srêss conshinl ILrnclaon is examined. The constrainl funclion using normâlized
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vânables can bc wlitlen as

\  CUO K YAMMAKI ANDG D CHENC

Figurc 6 Twcnr, h., tr'lss sltucrùre

f (x) :1 +
r ,  I  0.25r1

(21)

i.'tynghr e 2001 John W,lÈy & Sôns. Lrd lni J Nuîtet Meth Èra,q 2001;50:869 881
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This exampl€ is examincd by crnpioying thc lineâr. rcciprocal. TANA. four-point iftf,r,r.. rnrel-
polation 

^nd 
-lPA mclhods wirh direclioû vectùr D= (0. l)r. Ihe expandrng purnL tor a1l methods

is sclccr€d as X0 = ( 1.0, 1.0)r. The marctring poinr for TANA is Xr : ( L5, 1.5)r. 1hc four inrerpo
lâr ion points for  Henl i te in l?ryol t r t ioh approâch are laken as Xr : (  1 5,1 5I .  x ' : : {1.25.0.75)r .
Xr:(12,1.2)r  and Xr-(0.75,1.0)r .  respcct ivcly.  The matching poinrs required for TPA are
sclecred as Xr = (Ls,  L5)r  and Xr : (0.8.0.7)r ,  respect ively.

lhe absolute errols of various approximâtion methods are piotled in Figure 5. It should be
noted lhat TANA approxlmation aplroach has lhe sâme âccuracy as rcciprocal app.oximaiion
âpproâch becâuse its non linear indiccs fo. all design var;ables are equâl to t FigL,re 5 also
shows that, although il is very diUiculr to do beh€r than the rec;procal approximalion lor lhis
problcm. thc presenl TPA scheme stjll behâves bett€r than reciprocrl àpproximâtion approach u,hei
1<0. The accuracy of TPA is much bexer rhan rhal of linear and forr-poin1 tetnlite ilterpahtDn

E\anple 5lTtt?t1tr-b.t ûuss stnt(ture). A 20-bar planar l]llss shown in Figure 6 is studied
in this exâmple. Thc truss modcl is râken from R€ference llll. The rnateriâl propmics ând nodâl
loading are given as Young s modulxs E: i.ot + 0.1, mass density r-01, allowable slr€sses
d,:-20,onefoadcasew;thPr:Pt, :h, :P\ :100.Thegeometryi la la is l is ledi .TableI .

The intemal force ofbar-]7 wâs âpproxjnâNd by using l;neâ., rcciprocal and lhe proposed TPA
sch€nre with Dl  - { l0t l , l0* l ) r .andD::(2* 1.2+1.2+ 1.2* l ,  l .  + I  ,  4 + -  I  .  5 *  I  )1 .
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? Example 5: (a) casc l; (b) càse 2.

I
2
3
4
5

1

32298.3
95044t
9402.t9
9473.52
9527.11
950"1.71
9457.31
9451.12
9426.89

J229L 3
9504.41
9402_19
9473_52
94t0.89
9425.56

The expandina poinl for all methods are sele€red as X0 =(6,1.4.6, 10, t5,5,7,9, 10,5, 16, ?,5,4,
19",ls:,1, i6I rhe _orher rwo poinrs requ'.ed for rpA are setÊcted as xr - io + ( r,..' . rlr â.d
X'=X'  (  1, . .  . l ) r .  respecnvely.

The relative e.rors of vârious approximnior methods âre ploned in Figures 7(â) alld 7(b) Bolh
figu.es show thât TPA alsô works very well for rhis example. It is bener than tinear and reciprocar
approximation schemes ôr mos o[ the rest poinrs.

In this example, rhe optimizârion of the 20-bâ. auss structure wirh srress conslrainrs for âlt bars
is also investigated. For this problern, the iniljal vâtue and minimum size linir are raken as 50.0
ând 0.01, respectively, for each design vanàble. In rhis example, the tineâr apprôximation approach
is used for the first three ite.âtions of optimiztjon. Ireration hisrories ofiin ctrr.at wetpf,r *",
50 per cent move limii âr€ shown in Table II_ As Table It shows. TpA approacl neeai onry o
ilerâtions, whereâs linear âpproximâlion app.oach rôquires 9 it€raljons to converqe.

Cop}Îight O 200 lobn wrby & Sons, Lrd Int. J. Nqet. Mah tnqrg 20oti50:869-884
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Figùre E. Ten bar truss strùctùe.

Table lll. Iteratron hisrories ùf I0 bar russ wnh
s1Êss consriaints.

I
2
l

5

l0

20? I 68
2062.55
2014.,15
199).11
1985.50
198090

2071 6E
2062.55
2014.45
1997 ri4

1984.41
1982.22
l98l .El
1980.45

Ilxan\le 6 fen-bat t ss snu&tre) A l0-ba. truss sizing optimizâtion problem subjected tÔ

st.ess constraints is considercd. The l0 bar truss structure is shown in Figu'e I Cêometncal and

mâlerial data are given âs YornS's rnodulus t " l 0t+04, mass densitv p = 0-l' allowable stresses

d": +20, one load case wilh P: 100. lhe inilial value and minimurn sizc limit are tâken as

10.0 and 0.01, respeclively, for e3ch design va.iable ln this €xanple' lbr thc first th-ree neraÙons

of oDlimization, the linear àpproximahon approaclr is used. llcrâlion histories of strucrural *ergh!

with 50 per cent move limil are shown in Table lll. The results sho$' that TPA âpproach har

a better effciency for this optimizâtion probten than lhe ltnear approximation aPproach Onl) l

iterations ar€ rcquired lo obtain ùe optimal solulion lt should be pointed out that, lhe move limir

of the ootimization rrrocess with TPA approximation âpproach should be reduced câr€fullv dunng

iteration (20 per ceol for all of lhc l€st exarnpl€s). Wirh inâppropriate move limit, the oÊjmizarion

sotulion may become unfeasible. The automâ1jc and smârt choice ofthe move limit is still an opcn

Next. thc same l0-bar tnrss was opljmized under stress ând displâceÛenl conslraints on each

vertical 
'legree 

of freedom. Tbe displacement limil is +50 jl€rition histories ot $ructurâi weiSht

with 50 oei cenr move linil arc shown in Tâble lV. In this example, the reciplocai approxi'nâtiôn

aDoroacl is used for the 6lxt three ilerâlions of optimization The results show that TPA âpprôach

can also lead to fâster convergence !o the oplimum solution than the r€ciprocal approximalion

aDpioâch. only 8 ilerâdons are required to reach the oplinluln' whereas recipnral approxinatiôn

approâch requires 13 iiorâtons to converge

Copynsht O 20Ol lohn Wrley & Sôns. Lrd tht J. Nrnet Meth. t grg 2001;5{r:369 31i4
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I
1
3
.t
5
6
1
8
9

t0
1l
t2
t l

?525.50
2.115.11
21.,19 4l
2116.59
2219 05
2200 I I

.1r96.49
2948 16
2525 50
2415 t4
2181 15
2142 09
?109 64
228't  0r
2264 5l
2231.62
2220 56
2208 3.1
:202.11

5. CONCLUSION

In the prcsent study, â newly dcvclopcd thrcc poinl dpp.oximalion scheme is proposed for obtarnrng
the hiSh'qualily .pproximation of higbly non-lincâ. furctions involvcd iD the problen of snrctural
oprimizadon. This ,cheme is construcred by rle linear combinalion of Taylor cxpansions in lerms
of bolh original and recip.ocal variables. Ihe coemclents ol lhe combinslion are determined by
utilizing both the funclion ând gradienl informalion ol lhrcc dilTerent dcsign points obtained during
the p.ocess ol optimization. Bàscd on lhis lpproach, thc a€curacy ot the existing constrâinL ap
proxirnâ1ion methods is inproved. The rumerical rcsùlts fo. lhc solutio,rs of strucrural oplimizaoun
probl€ms indicale thal the presenl method possesses the ability of obtaining the optimum desrËn In
lcss oplimiz|lion cycles Thus. lhe computat;onal eflorts associated wiih thc struciural re analyses
can b€ reduced. Anothcr advân1âgc ofthc prescnl IPA approach is that lhe unknown cocllicienrs
of the approximâtcd fundion can bc obraincd in a cloçed fonn. ând no ile.alive proccss is .cqutred
for the computÂtion of these parameters.
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